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Abstract—Different approaches to the description of X-ray fluorescence excitation in thin films by
bremsstrahlung within the monochromatic model are systematically expounded and compared. New analytical
expressions are proposed for calculation of the wavelength of a virtual monochromatic excitation source. It is
shown that some of them can be successfully used in quantitative X-ray fluorescence analysis of semiinfinite
samples, including matrix effects, without a priori information on an analyte.
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An important problem of quantitative X-ray fluores-
cence (XRF) analysis of complex multielement sys-
tems is correct consideration of matrix effects, among
which is the effect of filtration of the polychromatic
emission spectrum of an X-ray tube by the surface lay-
ers of an analyte. Due to a strong dependence of the
absorption coefficient on the X-ray radiation wave-
length and the nature and contents of analytes and
matrix components, XRF of deep-seated layers of the
sample is excited by primary radiation of a significantly
different composition. In addition to the polychromatic
approach, the monochromatic approximation is used
for describing this process. The continuous wave distri-
bution of X-ray tube emission is replaced by the d-func-
tion of a virtual monochromatic source (VMS) of radi-
ation with an analogous excitation effect [1-4]. The
VMS parameters found are used for calculating correc-
tion factors for matrix effects in quantitative XRF anal-
ysis by the internal or external reference method or the
fundamental parameter method. This approach is ele-
gant, has a clear physical meaning, and implies a
noticeably smaller amount of computations, but leads
to a higher error of analysis [5]. However, for any wave-
length of the polychromatic emission spectrum of an X-
ray tube, the error of determination of the XRF excita-
tion efficiency is limited, first of all, by the degree of
uncertainty of the fundamental parameters used. Under
these conditions, the monochromatic model can ensure
a comparable error of XRF analysis if the VMS wave-
length is properly selected [6]. Therefore, the VMS
parameters calculated by approximate analytical

expressions should be corrected for the elemental com-
position of a sample and the special design features of
the X-ray tube used.

For massive XRF emitters, the VMS parameters of
primary radiation are determined by the X-ray tube
characteristics, the spectrometer geometry, and the a
priori unknown composition of an analyte. The error of
the analysis results depends very strongly on the choice
of the VMS wavelength. The smallest error is ensured
by the use of the so-called analytical equivalent wave-
length (AEWL) (found empirically), which depends
only slightly on the analyte concentration [4]. When
XRF is excited in thin films, the effect of filtration of
polychromatic X-ray tube radiation is not pronounced.
For very thin XRF emitters, the VMS parameters
depend on the X-ray tube emission spectrum and the
nature of the analyte element but are not related to its
content [7-9]. Therefore, the error of analysis results
for thin films is almost independent of the chosen VMS
wavelength. However, with a change in the conditions
of measurement of the analytical signal, the VMS
parameters calculated by a given algorithm for massive
and thin-film samples change nearly in parallel. It is of
special practical interest to find a simple analytical
expression for calculation of the VMS wavelength of
XRF excitation in a thin-film emitter close to the
AEWL for a semiinfinite sample studied on a spectrom-
eter with a given geometry. The use of such an algo-
rithm is quite instructive in quantitative XRF analysis
of complex (including unique) analytes without a priori
information on their compositions and properties when
preparation of reference samples is too laborious a task.
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The aim of this study is to compare the analytical
possibilities of different algorithms for the description
of the process of XRF excitation in thin films by
bremsstrahlung within the monochromatic model tak-
ing into account the nature of the analyte element and
the design features of an X-ray tube.

THEORY

The XRF intensity of the ith element excited in a
thin film by X-ray tube radiation can be calculated by
Sherman or Blokhin equation

Sp-1

I, = Co,f; S
q2

pdjcp(x)dx, (1

A

where C; is the content of the ith element; ®; is the g2
fluorescence yield of the ith element; f; is the contribu-
tion of the analytical line to the total intensity of the g2
series; A, and S, are the wavelength and jump of the
q2-edge of absorption of the ith element, respectively;
Ao is the short-wave edge of the bremsstrahlung spec-
trum; p and d are the density and thickness of the ana-
lyte sample. The integrand is

(I)ShermanO\') = Ti(}\')IOO\')v (2)
Dpjornin(M) = TN(MMA,, (3)

where [ is the primary radiation intensity; T; is the mass
absorption coefficient of the ith element for primary
radiation; and A and A; are the wavelengths of primary
and fluorescence radiation, respectively [10, 11]. Thus,
the Sherman (or Blokhin) equation allows one to deter-
mine the number of XRF quanta (or the energy) emitted
by the sample surface per excitation quantum (or per
unit energy of primary radiation).

As a first approximation, the wave distribution of
the bremsstrahlung intensity of the X-ray tube can be
described by the Kramers equation:

Io(A) = ki Zaj(h = ho) Ao, (4)

where k; is a constant, Z,, is the atomic number of the
anode material of the X-ray tube, and j is the current
density [1]. The mass absorption coefficients (cm?/g) in
a wide range of wavelengths (A) can be estimated by
the formula

T(M) = 0.016Z"2YA TS, ©)

r=1

where Z; and A; are the atomic number and atomic
weight of the ith element, respectively; and m is the
number of absorption jumps (S,) on the wavelength
interval [0, A]. However, for more accurate calculations
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of the power function of wavelength, the floating expo-
nent ¢ should be introduced depending on the chemical
element to be determined [12]:

T(A) = ky(Z, M)A, te [2.5; 4], (6)
where k, is the constant for the corresponding element
in wavelength ranges between absorption edges. To cal-
culate the VMS wavelength, we used the first mean-
value theorem for the function ®(A) on the wavelength
interval [A,, A,] provided that it is continuous (algo-
rithm 1),

Ay
foman = @), - 1) 7
A

1

and the second (generalized) mean-value theorem
(algorithm 2),

A A
jcb(x)dx = XJ((D(%)/k)dk. (8)
xl x

In algorithm 3, a procedure of averaging over the

argument values A was used assuming that the weight-
ing function ®(A) on the wavelength interval [A;, A,] is
continuous:

i A
jcp(x)dx = jqn(x)dx. )
A i

A more correct wave distribution of the bremsstrahl-
ung intensity of the X-ray tube can be calculated by the
formula [13]

-

ot = k3Za"W (10)
1 _1(1166(2Eo +E;)
n e,

2 Ry fexp(HE Pred,)

where k; is a constant; a is a parameter depending on
Z.; Ep and E, are the electron and bremsstrahlung pho-
ton energies (keV), respectively; J = 11.5Z,, is the aver-
age ionization potential of anode atoms (eV); R is the
backscattering factor of electrons in the anode [14]; uBe
is the mass attenuation coefficient of the Be window;
Pg id the beryllium density; and dg, is the Be window
thickness. The Philibert absorption correction (mass
coefficient u") is

fr= (L+ploy sin y) (14 hpioy sin y) ' (1)
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Table 1. Formulas for calculation of the VMS wavelength obtained on the basis of the Sherman equation*

No. of equation Condition Equation
Algorithm 1
(1.1.1) Vie [2.5;4] NI 2 M h _7‘0(7”3_2‘%{_2)
0 (=D =2)  (t=2)(A, =N
(1.1.2) 1=3, M=k A=Ay A= (Ag+A)2
(1.1.3) 1=3, M=k A=Ay A= (A + 1,002
Algorithm 2
I ) e N R G LT G Y.
(1.2.1) te [2.5;4],t#3 A= = — ——
(t=3)Ay =N D)=(=2)ho(Ay =N )
. M=)’
(12.2) t=3, 0 =ho Ay = A =l q
P @ 21— ho(1+ InA /o)
~ ~ ~ = =M )gy + Ay —20)
(1.2.3) t=3,0=A A=Ay A= 200y =y~ Rl A
Algorithm 3
~pe N . _ _ _
(13.1) Vie [2.5; 4] o 2hh T T T (TN
-1 -2 -1 -2
- A=A
132 1=3, M=% Ay = A, A=A+ 20
( ) 1=Mo ) 0 7
2 2
(1.3.3) 1=3, 0= Ay Ay =y - kO+J(Kq1—xo) +(hja—1p)
2

* See text for details.

in a massive anode and
exp(_uinpandan)(l - h) - eXP (_kaandan)
(1 - li;tn/cx)( l1-h- eXP(—prandan))
L 1.24,,/Z2,
1+12A,,/7.,

fr =

12)

in a thin-film anode. Here, y is the take-off angle of
anode radiation; A,,, P.,, and d,, are the atomic weight,
density, and thickness of the anode; and G is the elec-
tron energy loss factor

1.65 1.65

G = 4x10°/(EY® - E;®). (13)

This procedure was used in this work for numerical
calculation of the VMS wavelength corrected for the
design features of the X-ray tube.
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EXPERIMENTAL

To study the possibility of using the suggested algo-
rithms for calculation of the VMS wavelength in quan-
titative analysis of massive objects, we determined the
contents of Zn and Ni in certified specimens of alumi-
num alloy and steel (metallic cylinders & 12 X 4 mm in
size with a polished surface) by the external reference
method with corrections for absorption. The spectra
were measured on a Spektron Spectroscan-G Max
series XRF spectrometer (Russia) equipped with a low-
power (4 W) sharp-focus (J 1.5 mm) end-window
X-ray tube with a thin-film (2 um) Cr anode. The thick-
ness of the Be window was 200 wm. The working volt-
age and current were 40 kV and 100 LA, respectively.
The angle of incidence of primary radiation was 80°
and the take-off angle of secondary radiation was 30°.
A LiF (200) crystal analyzer (2d = 4028 mA) was used
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Table 2. Formulas for calculation of the VMS wavelength obtained on the basis of the Blokhin equation*

No. of equation Condition Equation
Algorithm 1
o o }\'z_}\'z K(?ut_]—kt_])
2.1.1) Vie [2.5;4] R W R i B A !
0 th,—2) (=D, -)\)
- Ay A 1 A
2.1.2 =3, 4= Ay =4, = Loy e ( __0)
(2.1.2) t 1= Ao, Ay =Ap A 2+21+31kq2 [7]
(2.1.3) 1=3, h=Ap Ay = Ay - xo /\/}L_xo(qu+7\’q2)_7‘ql7‘42_(7\'q1+7‘qz)2
4 2 3
Algorithm 2
@21 |Vie5:4] O I G (Gt o Lt B
’ Ca-M AT = (= DA =)
o 2W A=A
222 t=3,N=Ag, Ao = 2792 92’0 0
( ) 1= Aoy Ay = A 3(>\‘q2_7\’0)
- 2(7x +Xk+l)3k(l 72)
223 =3, M=A1 A=A _ 2 0
( ) 1 gl q2 A 3(7\’(1 +7\’q 2}\’0)
Algorithm 3
23.1) Vie [2.5:4] i A A (AT
t t—1 t t—1
3 2
(2.3.2) 1=3, 0= Aoy Ay = A A =b (‘“”“ 09"+ aZM.bzﬁ
- > M= R 42 /\/7 T 3 ’ >
(a+ANa -b")
See Eq. (232) at
(233) f=3, >\-]=}\«ql’}\'u=}\rq2 a = (27\131 +27\’22 x 37\( }\, +37L 7\1 2)/8

* See text for details.

for converting secondary radiation to a wave spectrum
by the Johansson method. For detection of secondary
X-ray quanta, the spectrometer was equipped with a
sealed gas-discharge proportional counter. The con-
tents of Zn and Ni were determined from the ZnKp
(1295 mA) and NiKp (1500 mA) line intensities. The
exposure time was 10 s (the counting rate was above
5000 counts/s). Corrected spectral line intensities were
found by measuring the amplitude distribution of the
XREF intensity of the analyte element with a step of
2mA and the continuous spectral component in the
vicinity of the characteristic peak (£50 mA) followed
by correction of the background signal.
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RESULTS AND DISCUSSION

Tables 1 and 2 lists general formulas for calculation
of the VMS wavelength of XRF excitation in thin films
with floating parameters (Eqs. (x.x.1)) for the entire
interval of bremsstrahlung wavelengths from the short-
wave edge A, to the absorption edge A, of the analyte
element (Eqgs. (x.x.2)), as well for an arbitrary interval,
for example, between the absorption edges of the inter-
fering and analyte elements (A, A») (Egs. (x.x.3)). In
XREF analysis of very thin samples with the use of char-
acteristic K lines, the VMS parameters can be calcu-
lated by Eqgs. (x.x.2): matrix effects are negligible.
When emitters of finite thickness and high density are
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Fig. 1. Theoretical dependence of the error of determination for (a, b) 1 and (c, d) 50 wt % Fe in (a, c) a Fe—Cr alloy and (b, d) an
oxide matrix on the thickness of a sample obtained with the use of different algorithms for calculation of the VMS wavelength:
(1) Eq. (1.1.2), (2) Eq. (1.2.2), and (3) Eq. (1.3.2). The anode voltage of the X-ray tube is 45 kV, the angle of incidence of primary
radiation is 35°, and the take-off angle of secondary radiation was 55°.

used in the presence of interfering elements (A, < A, <
M), as well as when characteristic L lines are used
(if Ay < Ag), m + 1 VMSs should be introduced
(Egs. (x.x.3)), where m is the number of absorption
jumps on the wavelength interval [A, A,,].

Figure 1 shows the plots of the theoretical error of
quantitative XRF analysis with corrections for absorp-
tion versus the thickness of a thin-film sample obtained
with the use of different algorithms of calculation of the
VMS wavelength. The smallest error is achieved when
Eq. (1.3.2) is used. The use of Eqs. (1.2.2) and (1.1.2)
leads to a two- to fourfold increase in the error. For thin-
film samples with a density up to 8-10 g/cm? (ores,
minerals, some metal alloys), a 1% level of the relative
error of XRF analysis results persists at a thickness of
no more than 10-15 pm and a 2% level, up to a thick-
ness of 1 mm (Fig. 1).

Generally, there is a simple relationship between
approximate VMS wavelengths calculated by algo-
rithm nos. 1-3 and the corresponding exact values
found numerically for real X-ray tubes, which is
approximated by a parabolic function with a correlation
coefficient no less than 0.98. An example of such arela-
tionship is shown in Fig. 2. The same relationship is
valid when the anode material (Cr, Mo, W) and thick-
ness (from 2 wm to o) and the Be window thickness
(75-300 wm) are varied simultaneously. When only
one experimental parameter—the atomic number of the
analyte element (Z = 11-50) or the working voltage on
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the electrodes of the X-ray tube (20-60 kV)—is
changed, the relationship between the given VMS
wavelengths becomes linear. Thus, the procedure of
correction of approximate VMS wavelengths taking
into account the specific features of the wave distribu-
tion of the bremsstrahlung intensity of the X-ray tube

Ao, mA
2500

T
NS}

2000

T
~

1500

1000

500

1 1
0 500 1000 1500 2000 2500 3000
A, mA

Fig. 2. Correlation between approximate (A;) and exact (A,)
VMS wavelengths calculated with the use of (/) Eq. (1.3.2)
and (2) Eq. (2.3.2) for an end-window X-ray tube with a
thin-film (2 wm) anode.
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Table 3. Relative error (%) of the quantitative XRF analysis results of certified metal alloys obtained with the use of different
algorithms for calculation of VMS parameters (f =4, p = 0.95)

Determination of 6.72 wt % Ni in steel Determination of 8.87 wt % Zn in duralumin
Algorithm calculation of XRF intensity
according to Blokhin | according to Sherman | according to Blokhin | according to Sherman
[1] 43 4.6 35 3.8
[2] 33 5.6 2.9 4.1
[3] 3.0 3.7 2.5 3.1
[4] 2.6 1.3 1.4 14
(1.1.2) 4.8 3.6 3.8 3.7
(1.2.2) 3.2 1.9 24 1.4
(1.3.2) 1.0 1.2 1.0 1.1
(2.1.2) 34 2.5 3.1 2.0
(2.2.2) 1.5 1.1 1.3 1.0
(2.3.2) 2.3 2.9 1.9 1.6

with a thin-film or massive anode presents no special effects is achieved using the AEWL of the polychro-
problem. matic spectrum of the X-ray tube [4, 15]. Previously

The smallest error of the results of quantitative XRF ~ [16], we described a new algorithm for calculation of
analysis of semiinfinite samples corrected for matrix the AEWL for samples of variable thickness, which
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Fig. 3. Comparison of the errors of determination of (/) 1 and (2) 50 wt % iron and zirconium in a semiinfinite sample (Cr filler)
obtained with the use of different algorithms for calculation of the VMS wavelength: (a) Eq. (1.1.2), (b) Eq. (2.1.2), (¢) Eq. (1.2.2),

(d) Eq. (2.2.2), (e) Eq. (1.3.2), and (f) Eq. (2.3.2). The anode voltage of the X-ray tube is 45 kV, the angle of incidence of primary
radiation is 35°, and the take-off angle of secondary radiation was 55°.
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allows for the use of thin-film references in XRF deter-
mination of the composition of massive samples. For
commercial spectrometers with wave dispersion, the
incidence and take-off angles are 35°-80° and 30°-55°,
respectively. For such instruments, the AEWL values
calculated by the new method using algorithms (1.3.2)
and (2.2.2) fall within a rather narrow range. Therefore,
these formulas can be efficiently used in quantitative
XRF analysis of samples of arbitrary thickness, includ-
ing semiinfinite ones (Table 3, Fig. 3).
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